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Abstract
The generalized k-connectivity κk(G) of a graph G, introduced by Hager
in 1985, is a natural generalization of the concept of connectivity κ(G), which
is just for k = 2. Total graph is generalized line graph and a large graph
which obtained by incidence relation between vertices and edges of original
graph. T. Hamada and T. Nonaka et al., in [32] determined the connectivity
of the total graph T (G) for a graph G. In this paper, we determine the
generalized 3-(edge)-connectivity of some total graphs and give the bounds
on the generalized 3-(edge)-connectivity for total graph.
Keywords: generalized connectivity, generalized edge connectivity, total
graph.
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1 Introduction
All graphs considered in this paper are undirected, finite and simple. We refer
to the book [1] for graph theoretical notation and terminology not described here.
For a graph G, we by V (G), E(G), L(G), T (G) denote the set of vertices, the set
of edges, the line graph and the total graph of G, respectively. The following we
state the motivations and our results of this paper.
Connectivity and edge-connectivity are two of the most basic concepts of
graph-theoretic subjects, both in a combinatorial sense and an algorithmic sense.
∗Supported by NSFC No. 11561056 and 11661066.
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As we know, Menger’s theorem is the most important basic result and fundamen-
tal theorem of connectivity. Based on this theorem, the ‘path’ version of con-
nectivity of a graph G is defined as κ(G) = min{κG(x, y) |x, y ∈ V (G), x 6= y},
where κG(x, y) is the maximum number of internally disjoint paths connecting
two distinct vertices x and y in G. Similarly, the edge-connectivity of graph G
is defined as λ(G) = min{λG(x, y) |x, y ∈ V (G), x 6= y}, where λG(x, y) is the
maximum number of edge-disjoint paths connecting x and y.
Although there are many elegant and powerful results on these two parameters
in graph theory, they also have their defects on measuring connection of a graph.
So people want some generalizations of both connectivity and edge-connectivity.
The generalized connectivity of a graph G, introduced by Hager [5], is a
natural and nice generalization of the ‘path’ version definition of connectivity.
For a graph G = (V,E) and a set S ⊆ V of at least two vertices, an S-Steiner tree
or a Steiner tree connecting S (or simply, an S-tree) is a subgraph T = (V ′, E′)
of G that is a tree with S ⊆ V ′. Two Steiner trees T and T ′ connecting S
are said to be internally disjoint if E(T ) ∩ E(T ′) = ∅ and V (T ) ∩ V (T ′) =
S. For S ⊆ V (G) and |S| ≥ 2, the generalized local connectivity κ(S) is the
maximum number of internally disjoint Steiner trees connecting S in G. Note
that when |S| = 2 a minimal Steiner tree connecting S is just a path connecting
the two vertices of S. For an integer k with 2 ≤ k ≤ n, generalized k-connectivity
(or k-tree-connectivity) is defined as κk(G) = min{κ(S) |S ⊆ V (G), |S| = k}.
Clearly, when |S| = 2, κ2(G) is the connectivity κ(G) of G, that is, κ2(G) =
κ(G). As a natural counterpart of the generalized connectivity, in [25] X.Li
and Y.Mao introduced the concept of generalized edge-connectivity, which is
a generalization of the ‘path’ version definition of edge-connectivity. For S ⊆
V (G) and |S| ≥ 2, the generalized local edge-connectivity λ(S) is the maximum
number of edge-disjoint Steiner trees connecting S in G. For an integer k with
2 ≤ k ≤ n, the generalized k-edge-connectivity λk(G) of G is then defined as
λk(G) = min{λ(S) |S ⊆ V (G) and |S| = k}. It is also clear that λ2(G) = λ(G).
Results on the generalized edge-connectivity can be found in [16, 25].
Recently, book[16], written by X. Li and Y. Mao, has been published, where
authors bring together the known results, conjectures, and open problems on
generalized connectivity and edge generalized connectivity. And thus many re-
searchers pay more attention to the study for this topic. See [8, 17, 22, 24, 23, 30].
The total graph T (G) of G is graph with the vertex set is V (G) ∪ E(G)
and two vertices x, y of T (G) are adjacent if one of the following cases hold:
(i) x, y ∈ V (G) and x is adjacent with y in G. (ii) x, y ∈ E(G) and x, y are
adjacent in G. (iii) x ∈ V (G), y ∈ E(G), and x, y are incident in G. Clearly,
total graph is generalized line graph. T. Nonaka et al., in [32] determined the
connectivity and edge connectivity of the total graph T (G). Motivated by this, in
this paper, we investigate the generalized 3-(edge)-connectivity of total graph for
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some graphs, such as tree, unicycle graph, complete graph and complete bipartite
graph in section 3. And further we discuss the bounds on 3-generalized-(edge-
)connectivity for the total graph in section 4.
2 Preliminary and known results
Observation 2.1 If G is a connected graph, then κk(G) ≤ λk(G) ≤ δ(G).
Observation 2.2 If H is a spanning subgraph of G, then κk(H) ≤ κk(G) and
λk(H) ≤ λk(G).
Proposition 2.3 [7] For every two integers n and k with 2 ≤ k ≤ n, κk(Kn) =
n− ⌈k/2⌉.
Proposition 2.4 [25] For every two integers n and k with 2 ≤ k ≤ n, λk(Kn) =
n− ⌈k/2⌉.
Proposition 2.5 [23] Let G be a connected graph of order n ≥ 6. Then for
3 ≤ k ≤ 6, κk(G) ≤ κ(G). Moreover, the upper bound is always sharp for
3 ≤ k ≤ 6.
Proposition 2.6 [25] For any graph G of order n. λk(G) ≤ λ(G). Moreover,
the upper bound is tight.
Proposition 2.7 [23] Let G be a connected graph of order n with minimum
degree δ. If there are two adjacent vertices of degree δ, then κ3(G) ≤ δ − 1.
Moreover, the upper bound is sharp.
Proposition 2.8 [26] Let G be a connected graph of order n with minimum
degree δ. If there are two adjacent vertices of degree δ, then λk(G) ≤ δ − 1 for
3 ≤ k ≤ n. Moreover, the upper bound is sharp.
Proposition 2.9 [23] Let G be a connected graph with n vertices. For every
two integers k and r with k ≥ 0 and r ∈ {0, 1, 2, 3}, if κ(G) = 4k + r, then
κ3(G) ≥ 3k + ⌈
r
2⌉. Moreover, the lower bound is sharp.
Theorem 2.10 [21] Given any three positive integers a, b, k such that a ≤ b and
2 ≤ k ≤ a + b, let Ka,b denote a complete bipartite graph with a bipartition of
sizes a and b. Then κk(Ka,b) is a for k ≤ b− a+ 2 and
(i) a+b−k+12 +
⌊
(a−b+k−1)(b−a+k−1)
4(k−1)
⌋
for k > b− a+ 2 and a− b+ k is odd.
(ii) a+b−k2 +
⌊
(a−b+k)(b−a+k)
4(k−1)
⌋
for k > b− a+ 2 and a− b+ k is even.
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Corollary 2.11 Let a, b be two integers with 2 ≤ a ≤ b, and Ka,b denote a
complete bipartite graph with a bipartition of sizes a and b, respectively. Then
κ3(Ka,b) =
{
a− 1, if b = a;
a, if b > a.
Proposition 2.12 [27] Let a, b be two integers with 2 ≤ a ≤ b, and Ka,b denote
a complete bipartite graph with a bipartition of sizes a and b, respectively. Then
λ3(Ka,b) =
{
a− 1, if b = a;
a, if b > a.
3 Generalized 3-(edge)-connectivity for total graph
In this section, we determine the generalized 3-connectivity and generalized 3-
edge-connectivity of some total graph T (G) such as total graphs of tree, unicycle
graph, complete graph and complete bipartite graph.
For S ⊂ V (G), we by G[S] denote the subgraph of G which induced by S.
Let T be a subtree of G, then E(T ) ⊂ V (L(G)). A spanning tree of induced
subgraph L(G)[E(T )] be called a corresponding tree of T in L(G), denoted by
CT . Now we start our investigation with tree Tn with order n.
Theorem 3.1 Let T (Tn) be a total graph of tree Tn with order n(≥ 2). Then the
generalized 3-connectivity of T (Tn) is
κ3(T (Tn)) =
{
1, if n = 2,
2, if n ≥ 3.
Proof. Since T (T2) = T (K2) = C3, so κ3(T (Tn)) = 1 while n = 2. Here we
consider n ≥ 3. Since the minimum degree of T (Tn) is 2, by Observation 2.1, we
have κ3(T (Tn)) ≤ 2. Next we prove κ3(T (Tn)) ≥ 2.
Suppose V (Tn) = {u1, u2, · · · , un}, V (L(Tn)) = {eij |eij = uiuj ∈ E(Tn)},
then V (T (Tn)) = V (L(Tn)) ∪ V (Tn). Let S be a 3-subset of V (T (Tn)), we only
need to show that there exist at least two internally disjoint S-trees in T (Tn).
If |S ∩ V (Tn)| = 3, assume S = {ui, uj , uk} ⊆ V (Tn). By Pij denote the path
connecting vertices ui and uj in Tn, then we obtain one S-tree T = Pij ∪ Pik
in Tn. Let CT be the corresponding tree of T in L(Tn) and suppose ua, ub and
uc are neighbor vertices of ui, uj and uk in T , respectively. Follow this we get
another S-tree T ′ = CT ∪ uieia ∪ ujejb ∪ ukekc. Clearly, these two S-trees are
internally disjoint, as desire. See Fig. 1 (a).
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If |S ∩ V (Tn)| = 2, assume S = {ui, uj , eks}. Then let S
′ = {ui, uj , uk} ⊆
V (Tn) and S
′′ = {eip, ejq, eks} ⊆ V (L(Tn)). Since Tn and L(Tn) are both con-
nected subgraphs of in T (Tn), there exist a S
′-tree in Tn, written as TS′ , and a
S′′-tree in L(Tn), written as TS′′ . Follow this we can obtain two internally disjoint
S-trees: ukeks ∪ TS′ and uieip ∪ ujejq ∪ TS′′ , as desire. See Fig. 1 (b).
If |S ∩ V (Tn)| = 1, assume S = {ui, ejq, eks}. Then let S
′ = {ui, uj , uk} ⊆
V (Tn) and S
′′ = {eip, ejq, eks} ⊆ V (L(Tn)). Similarly we obtain a S
′-tree TS′ in
Tn and a S
′′-tree TS′′ in L(Tn). Thus we construct two internally disjoint S-trees
in T (Tn) as: ujejq ∪ ukeks ∪ TS′ and uieip ∪ TS′′ , as desire. See Fig. 1 (c).
If |S∩V (Tn)| = 0, assume S = {eip, ejq, eks} and let S
′ = {ui, uj , uk} ⊆ V (Tn),
then we can obtain a S′-tree in Tn, written as TS′ . Follow this we can obtain
one S-tree in Tn is uieip ∪ ujejq ∪ ukeks ∪ TS′ . Since S ⊂ V (L(Tn)) and L(Tn)
be connected, we get another S-tree T in L(Tn). Clearly, these two S-trees are
internally disjoint, as desire. See Fig. 1 (d).
Therefore, we get κ3(T (Tn)) = 2 for n ≥ 3.
x
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V (L(Tn))
V (L(Tn))
V (Tn)
V (Tn)
(a) (b)
(c) (d)
Figure 1: Two internally disjoint S-trees for 3-subset
S = {x, y, z} ⊂ V (L(Tn)) ∪ V (Tn): One is dotted, another is dashed.
Theorem 3.2 Let T (Tn) be a total graph of tree Tn with order n(≥ 2). Then the
generalized 3-edge-connectivity of T (Tn) is
λ3(T (Tn)) =
{
1, if n = 2,
2, if n ≥ 3.
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Proof. Since T (T2) = C3, so λ3(T (T2)) = 1. While n ≥ 3, note that the minimum
degree of T (Tn) is 2, by Observation 2.1, we get λ3(T (Tn)) ≤ 2. On the other
hand, by the Observation 2.1 and Theorem 3.1, λ3(T (Tn)) ≥ κ3(T (Tn)) = 2.
Thus λ3(T (Tn)) = 2 for n ≥ 3.
The following we determine the generalized 3-connectivity and the generalized
3-edge-connectivity of unicycle graph.
Theorem 3.3 Let T (Gn) be a total graph of unicycle graph Gn with order n(≥
3). Then the generalized 3-connectivity of T (Gn) is
κ3(T (Gn)) =
{
3, if Gn = Cn,
2, otherwisw.
Proof. First consider Gn = Cn. Since T (Cn) is 4-regular graph, by Proposition
2.7 we get κ3(T (Cn)) ≤ 3. On the other hand, since T (Cn) is 4-connected, by
Proposition 2.9 we get κ3(T (Cn)) ≥ 3. Thus κ3(T (Cn)) = 3.
For the general case, if Gn 6= Cn, since the minimum degree of T (Gn) is 2 and
thus by Observation 2.1 get κ3(T (Gn)) ≤ 2. On the other hand, suppose C is
unique cycle of Gn and eij is an edge of C. Now let Hn = Gn− eij, clearly, Hn is
a spanning tree of Gn and by Theorem 3.1 we have κ3(T (Hn)) = 2. Combine this
with Observation 2.2 we get κ3(T (Tn)) ≥ 2. Hence κ3(T (Tn)) = 2 for Gn 6= Cn.
Theorem 3.4 Let T (Gn) be a total graph of unicycle graph Gn with order n(≥
3). Then the generalized 3-edge-connectivity of T (Gn) is
λ3(T (Gn)) =
{
3, if Gn = Cn,
2, otherwisw.
Proof. While Gn = Cn. Since T (Cn) is 4-regular graph, by Proposition 2.8 we
get λ3(T (Cn)) ≤ 3. At the same time, by Observation 2.1 and Theorem 3.3 we
have λ3(T (Cn)) ≥ κ3(T (Cn)) = 3. Thus λ3(T (Cn)) = 3.
While Gn 6= Cn, since the minimum degree of T (Gn) is 2, by Observation 2.1
we have λ3(T (Gn)) ≤ 2. On the other hand, by Observation 2.1 and Theorem
3.3 we have λ3(T (Gn)) ≥ κ3(T (Gn)) = 2, so λ3(T (Gn)) = 2 for Gn 6= Cn.
Next we determine the generalized 3-connectivity and the generalized 3-edge-
connectivity of complete graph. Before investigation, we first list a useful Lemma.
Lemma 3.5 [27] Let L(Kn) be a line graph of complete graph Kn with V (L(Kn)) =
{eij |eij = uiuj} for V (Kn) = {ui|1 ≤ i ≤ n}. Suppose S0 = {epq, ers, etk} ⊆
V (L(Kn)) and VS0 = {up, uq, ur, us, ut, uk} ⊆ V (Kn). If the induced subgraph
Kn[VS0 ] = K3, then generalized local connectivity κ(S0) = ⌊
3(n−2)
2 ⌋.
6
Lemma 3.6 [27] Let Kn be complete graph with order n(≥ 3). Then the gener-
alized 3-connectivity of line graph L(Kn) is κ3(L(Kn)) = ⌊
3(n−2)
2 ⌋.
Lemma 3.7 [27] Let Kn be complete graph with order n(≥ 3). Then the gener-
alized 3-edge-connectivity of line graph L(Kn) is λ3(L(Kn)) = 2n − 5.
Theorem 3.8 Let T (Kn) be a total graph of complete graph Kn with order n(≥
2). Then the generalized 3-connectivity of T (Kn) is
κ3(T (Kn)) =
{
3, if n = 3,
⌊3(n−2)2 ⌋+ 1, otherwise.
Proof. By Theorem 3.1 and 3.3, the result holds for cases when n = 2, 3.
Now we consider n ≥ 4. Suppose V (Kn) = {u1, u2, · · · , un} and V (L(Kn)) =
{eij |eij = uiuj ∈ E(Kn)}, then V (T (Kn)) = V (L(Kn)) ∪ V (Kn). First let
S0 = {eij , ejk, eik} ⊆ V (L(Kn)). Clearly, VS0 = {ui, uj , uk} and Kn[VS0 ] =
K3, by Lemma 3.5 there exist at most ⌊
3(n−2)
2 ⌋ internally disjoint S0-trees in
L(Kn). Besides these S0-trees, add tree eijuiujejk ∪ eikui together, we ob-
tain at most ⌊3(n−2)2 ⌋ + 1 internally disjoint S0-trees in T (Kn). Thus we get
κ3(T (Kn)) ≤ ⌊
3(n−2)
2 ⌋ + 1. The following we distinguish four cases to show
κ3(T (Kn)) ≥ ⌊
3(n−2)
2 ⌋+ 1. Let S = {x, y, z} be a 3-subset of V (T (Kn)), we only
need to show that there exist at least ⌊3(n−2)2 ⌋ + 1 internally disjoint S-trees in
T (Kn).
Case 1. |S ∩ V (Kn)| = 3
This means x, y, z ∈ V (Kn), assume x = ua, y = ub, z = uc with 1 ≤ a, b, c ≤
n. Firstly, path zxy together with trees Ti = uiz∪uix∪uiy for i ∈ {1, 2, · · · , n}\
{a, b, c} are n−2 internally disjoint S-trees. Secondly, paths xeabyz, xeaczebcy and
trees Tj = xejaejby ∪ ejbejcz for j ∈ {1, 2, · · · , n} \ {a, b, c} are n − 1 internally
disjoint S-trees. Total up all we get 2n − 3 > ⌊3(n−2)2 ⌋ + 1 internally disjoint
S-trees in T (Kn), as desire.
Case 2. |S ∩ V (Kn)| = 2
Without loss of generality, assume x, y ∈ V (Kn), z ∈ V (L(Kn)) and then
let x = ua, y = ub, z = ecd with 1 ≤ a, b, c, d ≤ n. Here first consider the
case for uaub 6= ucud. If edges uaub and ucud are nonadjacent in Kn, then
we form internally disjoint S-trees as: For every i ∈ {1, 2, · · · , n} \ {a, b} to
form Ti = xuiy ∪ uieicz and thus get n − 2 internally disjoint S-trees; For every
i ∈ {1, 2, · · · , n} \ {a, b, d} to form T ′i = xeaiebiy ∪ ebieidz and thus get n − 3
internally disjoint S-trees. Put all Ti, T
′
i with trees yxeadz and xeabyebdz together,
we get 2n − 3 internally disjoint S-trees in T (Kn). If edges uaub and ucud are
adjacent in Kn, by similar procedure as the above we also get 2n − 3 internally
disjoint S-trees in T (Kn). Note that 2n − 3 > ⌊
3(n−2)
2 ⌋+ 1, so the result holds.
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Now we consider the case uaub = ucud, it is clear that for every two integers
i, j ∈ {1, 2, · · · , n} \ {a, b}, we can get three internally disjoint S-trees such as
xuieaiz∪uiy, xujebjz∪ujy and xeajzebiy and thus get at least ⌊
3(n−2)
2 ⌋ internally
disjoint S-trees. Put these trees with xyz together, we obtain at least ⌊3(n−2)2 ⌋+1
internally disjoint S-trees in T (Kn), as we desire.
Case 3. |S ∩ V (Kn)| = 1
Assume x ∈ V (Kn), y, z ∈ V (L(Kn)) and then let x = ua, y = ebc, z = edf
with 1 ≤ a, b, c, d, f ≤ n. If ebc, edf and ua are nonadjacent each other in T (Kn),
we can form internally disjoint S-trees as: For every i ∈ {1, 2, · · · , n} \ {a, d}
to form Ti = xuieicy ∪ uieidz and thus get n − 2 internally disjoint S-trees; For
every i ∈ {1, 2, · · · , n} \ {a, b} to form T ′i = xeai ∪ zeifeaieiby and thus get n− 2
internally disjoint S-trees. Put all these trees with tree yeabxudz together we get
2n − 3 > ⌊3(n−2)2 ⌋+ 1 internally disjoint S-trees in T (Kn), as desire.
If ebc and edf are adjacent but nonadjacent to ua, then assume d = c. Thus
we form internally disjoint S-trees as: For every i ∈ {1, 2, · · · , n} \ {a, f} to
form Ti = xuieicy ∪ eicz and thus get n− 2 internally disjoint S-trees; For every
i ∈ {1, 2, · · · , n} \ {a, b, f} to form T ′i = xeai ∪ zeifeaieiby and thus get n − 3
internally disjoint S-trees. Put all these trees with trees xufebfy ∪ ebfz and
xeabeaf z ∪ eaby together, we get 2n− 3 > ⌊
3(n−2)
2 ⌋+ 1 internally disjoint S-trees
in T (Kn), as desire.
If ebc and edf are adjacent and one of them adjacent to ua, then assume d = c
and a = b. Thus trees Ti = xuieicy∪eicz for every i ∈ {1, 2, · · · , n}\{f} are n−1
internally disjoint S-trees. Besides these, trees T ′i = xeai ∪ zeifeaieiby for every
i ∈ {1, 2, · · · , n} \ {a, c} are also n− 2 internally disjoint S-trees. Altogether, we
get 2n− 3 > ⌊3(n−2)2 ⌋+ 1 internally disjoint S-trees in T (Kn), as desire.
If ebc, ua and edf are adjacent each other, then assume a = d = c. Trees
Ti = xuieiby ∪ uieifz for every i ∈ {1, 2, · · · , n} \ {a, f} and T
′
i = xeaiy ∪ eaiz for
every i ∈ {1, 2, · · · , n} \ {c, f} are 2n − 4 internally disjoint S-trees. In addition
to these, add tree yubxz together, we get 2n−3 > ⌊
3(n−2)
2 ⌋+1 internally disjoint
S-trees in T (Kn), as desire.
Case 4. |S ∩ V (Kn)| = 0
It is clear S ⊆ V (L(Kn)) in this case, so by Lemma 3.6 there exist at least
⌊3(n−2)2 ⌋ internally disjoint S-trees in V (L(Kn)). Put these S-trees with tree
eabuaucecd ∪ ucugegf together we get ⌊
3(n−2)
2 ⌋+1 internally disjoint S-trees in
T (Kn), as desire.
This complete the proof.
Theorem 3.9 Let T (Kn) be a total graph of complete graph Kn with order n(≥
2). Then the generalized 3-edge-connectivity of T (Kn) is λ3(T (Kn)) = 2n− 3.
8
Proof. Since T (Kn) is 2n−2 regular graph, by proposition 2.8 λ3(T (Kn)) ≤ 2n−3.
Next we by constructing 2n − 3 edge disjoint S-trees in T (Kn) for any 3-subset
S of V (T (Kn)) to prove λ3(T (Kn)) ≥ 2n − 3.
Recall of the proof of Theorem 3.8, except case |S ∩ V (Kn)| = 0 and case
|S ∩ V (Kn)| = 2 for S = {ua, ub, ecd} with uaub = ucud, there always exist at
least 2n − 3 internally disjoint S-trees in T (Kn), which are also edge disjoint
S-trees in T (Kn). Thus here we only need to consider the above two exception
cases and show there still exist at least 2n − 3 edge disjoint S-trees in T (Kn).
If |S ∩ V (Kn)| = 0, assume S = {eab, ecd, egf} ⊂ V (L(Kn)), by Lemma
3.7 there exist at least 2n − 5 edge disjoint S-trees in L(Kn), in addition these
trees, add two edge disjoint S-trees eabuaucecd∪ucugegf and eabubudecd∪udufegf
together, we obtain at least 2n− 3 edge disjoint S-trees in T (Kn), as desire.
If |S ∩ V (Kn)| = 2 for S = {ua, ub, ecd} with uaub = ucud, this means S =
{ua, ub, eab}, then we form S-trees T
1
i = xuiebiz ∪ ebiy and T
2
i = xeaiuiy ∪ eaiz
for every i ∈ [n] \ {a, b} and thus get 2n − 4 edge disjoint S-trees. Add tree xzy
together with all T 1i and T
2
i we get 2n − 3 edge disjoint S-trees in T (Kn), as
desire.
Thus we get λ3(T (Kn)) ≥ 2n− 3. This complete the proof.
At end of this section, we determine the generalized 3-connectivity and the
generalized 3-edge-connectivity of the total graph of the complete bipartite graph.
We start with definition and Lemmas.
The Cartesian product G1 × G2 of G1 and G2 is a graph which has vertex
set V (G1) × V (G2) with two vertices x = (u, u
′) and y = (v, v′) adjacent iff for
u = v, u′ is adjacent with v′ in G2 or u
′ = v′, u is adjacent with v in G1.
It is clear that line graph L(Km,n) of complete bipartite graph Km,n is the
Cartesian product of Km and Kn and the generalized 3-connectivity of L(Km,n)
has been determined in our another paper, which listed as follow.
Lemma 3.10 [27] Let L(Km,n) be the line graph of complete bipartite graph
Km,n(m ≤ n), then the generalized 3-connectivity of L(Km,n) is κ3(L(Km,n)) =
κ3(Km ×Kn) = m+ n− 3.
Theorem 3.11 Let T (Km,n) be a total graph of complete bipartite graph Km,n
with 1 ≤ m ≤ n. Then the generalized 3-connectivity of T (Km,n) is
κ3(T (Km,n)) =
{
2m− 1, if m = n,
2m, if m < n.
Proof. Suppose U = {u1, u2, · · · , um} and V = {v1, v2, · · · , vn} be the two
parts of Km,n, ie., V (Km,n) = U ∪ V . Then V (L(Km,n)) = {eij |eij = uivj} and
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V (T (Km,n)) = U ∪ V ∪ V (L(Km,n)). Clearly, by Theorem 3.1, the results hold
for case m = 1. The following we consider cases for n ≥ m ≥ 2.
Case 1. m = n
Since T (Km,m) is 2m regular, by proposition 2.7 we get κ3(T (Km,m)) ≤
2m− 1. The following we prove κ3(T (Km,m)) ≥ 2m− 1. In fact, for any 3-subset
S = {x, y, z} of V (T (Km,m)), here we only need to show that there exist at least
2m− 1 internally disjoint S-trees in T (Km,m).
Subcase 1.1. |S ∩ V (Km,m)| = 3
|S∩V (Km,m)| = 3 means S ⊆ V (Km,m). Then either |S∩V | = 3 or |S∩V | = 2
and |S ∩ U | = 1. If |S ∩ V | = 3, assume x = v1, y = v2, z = v3 (see Fig 2 (a)),
we can form 2m(> 2m − 1) internally disjoint S-trees such as: Ti = xuiz ∪ uiy
and T ′i = xei1ei2y ∪ ei2ei3z for 1 ≤ i ≤ m. If |S ∩ V | = 2 and |S ∩ U | = 1,
assume x = v1, y = v2, z = um (see Fig 2 (b)), we form 2m − 1 internally
disjoint S-trees as follow: xzy, xem1e11e12y∪em1z, xu1yem2z and xuiy∪uivi+1z,
xei1ei2ei(i+1)em(i+1)z ∪ ei2y for 2 ≤ i ≤ m− 1. All as we desire.
(a) (b)
x = v1 y = v2 vn x = v1 y = v2 vn
u1 u2 um u1 u2 z = um
vm vmz = v3
Figure 2: The subcase for |S ∩ V (Km,n)| = 3.
Subcase 1.2. |S ∩ V (Km,m)| = 2
Here we need discuss five possible cases. If x, y, z are nonadjacent each other
in T (Km,m), assume x = v1, y = v2, z = emm(m 6= 1, 2) (see Fig 3 (a)). Then
2m−1 internally disjoint S-trees be formed as follows: xumz∪umy, xu1vmz∪u1y,
xem1em2z ∪ em2y, xe11e12e1mz ∪ e12y and xuieimz ∪ uiy for 2 ≤ i ≤ m − 1,
xei1ei2ei(i+1)em(i+1)z ∪ ei2y for 2 ≤ i ≤ m− 2.
If x is nonadjacent to y, z but y and z are adjacent in T (Km,m), assume
x = v1, y = v2, z = e22 (see Fig 3 (b)). Then 2m − 1 internally disjoint S-trees
are formed as: xu2z∪u2y, xu1yz, xe11e12z∪e12y and xuivie2iz∪uiy, xei1ei2z∪ei2y
for 3 ≤ i ≤ m.
If z is nonadjacent to x, y but x and y are adjacent in T (Km,m), assume
x = v1, y = u1, z = emm (see Fig 3 (c)). Then 2m−1 internally disjoint S-trees be
formed as: xyvmz, ye11xumz, xem1ze1my and yviuix∪uieimz, xei1eiie1iy∪e1iemiz
for 2 ≤ i ≤ m− 1.
If x and z are both adjacent to y but x and z are nonadjacent in T (Km,m),
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assume x = v1, y = u1, z = e1m (see Fig 3 (d)). Then 2m − 1 internally disjoint
S-trees be formed as: xyz, xe11y ∪ e11z, xumvmz ∪ umy and xuiviy ∪ uieimz,
xei1eiie1iy ∪ eiiz for 2 ≤ i ≤ m− 1.
If x, y, z are adjacent each other in T (Km,m), assume x = v1, y = u1, z =
e11 (see Fig 3 (e)). Then xzy, xe1mz ∪ e1memmumy, yem1z ∪ em1em2v2x and
xe1iz ∪ e1ieiiuiy, yei1ei(i+1)vi+1x ∪ ei1z for 2 ≤ i ≤ m− 1 are 2m − 1 internally
disjoint S-trees in T (Km,m).
(c) (d)
v1 v2 vn
u1 u2 um
vm v1 v2 vn
u1 u2 um
vm v1 v2 vn
u1 u2 um
vm
v1 v2
u1 u2 um
vm vn
(a)
v1 v2 vn
u1 u2 um
vm
(b)
(e)
Figure 3: The subcases for |S ∩ V (Km,n)| = 2.
Subcase 1.3. |S ∩ V (Km,m)| = 1
Similarly, we also need discuss five possible cases while |S ∩V (Km,m)| = 1. If
x, y, z are nonadjacent each other in T (Km,m), assume x = v1, y = e22, z = emm
(see Fig 4 (a)). Then 2m−1 internally disjoint S-trees be formed as: xu2vmz∪u2y,
xumv2y ∪umz, xu1e12y ∪ e12e1mz, xe21ye2mz, xem1zem2y and xuiviemiz ∪ vie2iy,
xei1eiieimz ∪ eiiei2y for 3 ≤ i ≤ m− 1.
If y, z are adjacent but they are nonadjacent to x in T (Km,m), assume x =
v1, y = e22, z = em2 (see Fig 4 (b)). Then 2m − 1 internally disjoint S-trees be
constructed as: xu1v2z∪v2y, xe11e12z∪e12y, xu2vmumz∪u2y, xe21y∪e21e2memmz,
xem1zy and xuiei2y ∪ ei2z, xei1eiie2iy ∪ eiiemiz for 3 ≤ i ≤ m− 1.
If x, y are adjacent but they are nonadjacent to z in T (Km,m), assume x =
v1, y = e21, z = emm (see Fig 4 (c)). Then 2m − 1 internally disjoint S-trees be
constructed as: yxumz, xu2vmz ∪ u2y, xem1ze2my, xu1v2e22y ∪ e22em2z, xe11y ∪
e11e1mz and xuivie2iy ∪ viemiz, xei1y ∪ ei1eimz for 3 ≤ i ≤ m− 1.
If x and z are both adjacent to y but x and z are nonadjacent in T (Km,m),
assume x = v1, y = e21, z = e22 (see Fig 4 (d)). Then 2m − 1 internally disjoint
S-trees be constructed as: xyz, xu2y∪u2z, xe11u1v2z∪ e11y and xuivie2iy∪ e2iz,
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xei1y ∪ ei1ei2z for 3 ≤ i ≤ m.
If x, y, z are adjacent each other in T (Km,m), assume x = v1, y = e11, z = e21
(see Fig 4 (e)). Then 2m − 1 internally disjoint S-trees be constructed as: yxz,
xu1y ∪ u1v2u2z, zye12e22u2x and xuivie2iz ∪ vie1iy, xei1y ∪ ei1z for 3 ≤ i ≤ m.
(c) (d)
v1 v2 vn
u1 u2 um
vm v1 v2 vn
u1 u2 um
vm v1 v2 vn
u1 u2 um
vm
v1 v2
u1 u2 um
vm vn
(a)
v1 v2 vn
u1 u2 um
vm
(b)
(e)
Figure 4: The subcases for |S ∩ V (Km,n)| = 1.
Subcase 1.4. |S ∩ V (Km,m)| = 0
|S ∩ V (Km,m)| = 0 means S ⊆ V (L(Km,m)), without loss generality, suppose
S = {epq, ers, etk}, then by Lemma 3.10 there always exist 2m− 3 internally dis-
joint S-trees in L(Km,m), named as Ti(1 ≤ i ≤ 2m− 3). Now we add two S-trees
epqupvjutetk ∪ vjurers and epqvqujvketk ∪ ujvsers to all Ti, here j 6= p, q, r, s, t, k.
In total, we get 2m− 1 internally disjoint S-trees in T (Km,m), as desire.
Case 2. m < n
Since the minimum degree of T (Km,n) is 2m, by Observation 2.1 we get
κ3(T (Km,n)) ≤ 2m. Let S = {x, y, z} be a 3-subset of V (T (Km,n)), now we by
forming 2m internally disjoint S-trees in T (Km,n) to prove κ3(T (Km,n)) ≥ 2m.
Subcase 2.1. |S ∩ V (Km,n)| = 3
Clearly, either |S∩V | = 3 or |S∩V | = 2 and |S∩U | = 1. If |S∩V | = 3, by the
proof of Subcase 1.1, there exist 2m internally disjoint S-trees in T (Km,n). Here
we consider the case for |S∩V | = 2 and |S∩U | = 1, assume x = v1, y = v2, z = um
(see Fig 2 (b)),we can form 2m internally disjoint S-trees as: xzy, xem1zem2y
and xuiy ∪ uivi+2z, xei1ei2ei(i+2)em(i+2)z ∪ ei2y for 1 ≤ i ≤ m− 1. As desire.
Subcase 2.2. |S ∩ V (Km,n)| = 2
Here we need discuss five possible cases. If x, y, z are nonadjacent each other
in T (Km,n), assume x = v1, y = v2, z = emm (see Fig 3 (a)). Then we form 2m
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internally disjoint S-trees as: xumz∪umy, xem1em2y∪em2z and xuivi+2em(i+2)z∪
uiy, yei2ei1x ∪ ei1eimz for 1 ≤ i ≤ m− 1.
If y and z are nonadjacent to x but y and z are adjacent in T (Km,n), assume
x = v1, y = v2, z = e11 (see Fig 3 (b)). Then 2m internally disjoint S-trees be
constructed as: xu1z ∪ u1y, ye12zx and xuivi+1e1(i+1)z ∪ uiy, xei1ei2y ∪ ei1z for
2 ≤ i ≤ m.
If x and y are nonadjacent to z but x and y are adjacent in T (Km,n), assume
x = v1, y = u1, z = emm (see Fig 3 (c)). Then 2m internally disjoint S-trees be
constructed as: xyvmz, yvm+1umz∪umx, xe11y∪e11em1z, xem1zem(m+1)e1(m+1)y
and yviuix ∪ uieimz, xei1eiie1iy ∪ e1iemiz for 2 ≤ i ≤ m− 1.
If x and z are both adjacent to y but x and z are nonadjacent in T (Km,n), as-
sume x = v1, y = u1, z = e1m (see Fig 3 (d)). Then 2m internally disjoint S-trees
be constructed as follows: xyz, xe11y∪e11z, xumvmz∪umy, xem1em(m+1)e1(m+1)y∪
e1(m+1)z and xuiviy ∪ uieimz, xei1eiie1iy ∪ eiiz for 2 ≤ i ≤ m− 1.
If x, y, z are adjacent each other in T (Km,n), assume x = v1, y = u1, z = e11
(see Fig 3 (e)). Then xzy, xy∪xe1(m+1)z, xe1mz∪e1memmumy, yem1z∪em1em2v2x
and xe1iz ∪ e1ieiiuiy, yei1ei(i+1)vi+1x ∪ ei1z for 2 ≤ i ≤ m− 1 are 2m internally
disjoint S-trees in T (Km,n), as desire.
Subcase 2.3. |S ∩ V (Km,n)| = 1
Similarly, we also need discuss five possible cases. If x, y, z are nonadjacent
each other in T (Km,n), assume x = v1, y = e22, z = emm (see Fig 4 (a)). Then
2m internally disjoint S-trees be constructed as: xu2vmz ∪ u2y, xumv2y ∪ umz,
xu1e12y∪e12e1mz, xe21ye2mz, xem1zem2y, xe11e1(m+1)e2(m+1)y∪e2(m+1)em(m+1)z
and xuiviemiz ∪ emie2iy, xei1eimz ∪ eimei2y for 3 ≤ i ≤ m− 1.
If y and z are adjacent but they are nonadjacent to x in T (Km,n), assume
x = v1, y = e22, z = em2 (see Fig 4 (b)). Then 2m internally disjoint S-trees be
constructed as: xu1v2z ∪ v2y, xe11e12z ∪ e12y, xu2vm+1em(m+1)z ∪ u2y, xumz ∩
umem2y, xe21yz, xem1z∪em1emme2my and xuiei2y∪ei2z, xei1eiie2iy∪eiiemiz for
3 ≤ i ≤ m− 1.
If x and y are adjacent but they are nonadjacent to z in T (Km,n), assume
x = v1, y = e11, z = emm (see Fig 4 (c)). Then 2m internally disjoint S-trees
be constructed as: xye1mz, xu1vmz ∪ u1y, xem1z ∪ e1my, xumem(m+1)e1(m+1)y ∪
em(m+1)z and xuivie1iy ∪ viemiz, xei1y ∪ ei1eimz for 2 ≤ i ≤ m− 1.
If x and z are both adjacent to y but x and z are nonadjacent in T (Km,n),
assume x = v1, y = e21, z = e22 (see Fig 4 (d)). Then 2m internally disjoint
S-trees be constructed as: xyz, xu2y ∪ u2z, xe11e12z ∪ e11y, xu1vm+1e2(m+1)y ∪
e2(m+1)z and xuivie2iy ∪ e2iz, xei1y ∪ ei1ei2z for 3 ≤ i ≤ m.
If x, y, z are adjacent each other in T (Km,n), assume x = v1, y = e11, z = e21
(see Fig 4 (e)). Then 2m internally disjoint S-trees be constructed as: yxz,
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xu1y∪u1e12e22z, xe21z∪e21y, xu2e2(m+1)z∪e2(m+1)e1(m+1)y and xuivie2iz∪vie1iy,
xei1y ∪ ei1z for 3 ≤ i ≤ m.
Subcase 2.4. |S ∩ V (Km,n)| = 0
|S ∩ V (Km,n)| = 0 means S ⊆ V (L(Km,n)), assume S = {epq, ers, etk}, then
by Lemma 3.10 there existm+n−3 internally disjoint S-trees in L(Km,n), named
as Ti(1 ≤ i ≤ m + n − 3). Now we add two S-trees epqupvjutetk ∪ vjurers and
epqvqujvketk∪ujvsers to all Ti, here j 6= p, q, r, s, t, k. Thus we getm+n−1(≥ 2m)
internally disjoint S-trees in T (Km,n), as desire.
By now we complete the proof.
Note that the fact T (Km,n) is 2m -regular graph whilem = n and its minimum
degree is 2m while m < n. Combine this with Observation 2.1 and Theorem 3.11,
we immediately get Theorem 3.12.
Theorem 3.12 Let T (Km,n) be a total graph of complete bipartite graph Km,n(m ≤
n). Then the generalized 3-edge-connectivity of T (Km,n) is
λ3(T (Km,n)) =
{
2m− 1, if m = n,
2m, if m < n.
4 Bound for generalized 3-connectivity of total graph
In this section we give some bounds for the generalized 3-connectivity of total
graph T (G).
Lemma 4.1 [6] Let G be graph for which κ(G) ≥ m. Then κ(T (G)) ≥ 2m and
λ(T (G)) ≥ 2m.
Lemma 4.2 [27] Let G be connected graph, then κ3(L(G)) ≥ λ3(G).
Theorem 4.3 Let G be connected graph with connectivity κ(G) and minimum
degree δ(G). Then
⌊
3κ(G) − 1
2
⌋ ≤ κ3(T (G)) ≤ 2δ(G)
Proof. Since the minimum degree of T (G) is 2δ(G), so by Proposition 2.6 we get
κ3(T (G)) ≤ 2δ(G). On the other hand, by Lemma 4.1, we know κ(T (G)) ≥ 2κ(G)
and let κ(T (G)) = 4a+b with b ∈ {0, 1, 2, 3}. Then we get a ≥ 2κ(G)−b4 . Combine
this with Proposition 2.9 we have
κ3(T (G)) ≥ 3a+ ⌈
b
2
⌉ ≥
3(2κ(G) − b)
4
+ ⌈
b
2
⌉
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Since b ∈ {0, 1, 2, 3}, so the value of 3(2κ(G)−b)4 + ⌈
b
2⌉ can meet
3κ(G)
2 ,
3κ(G)
2 +
1
4 ,
3κ(G)
2 −
1
4 and
3κ(G)
2 −
1
2 , respectively. Consider this with κ3(T (G)) is an integer,
we get
κ3(T (G)) ≥ ⌊
3κ(G) − 1
2
⌋
Remark 4.4 The upper bound is sharp for complete bipartite graph Km,n with
n > m. The lower bound is also sharp for complete graph Kn with n 6= 3.
Similar we also get the following result for the generalized 3-edge-connectivity
of total graph T (G).
Theorem 4.5 Let G be connected graph with edge connectivity λ(G) and mini-
mum degree δ(G). Then
min{2λ(G) − 1, 2λ3(G), λ3(G) + 2} ≤ λ3(T (G)) ≤ 2δ(G)
Proof. Since the minimum degree of T (G) is 2δ(G), by Observation 2.1 we get
λ3(T (G)) ≤ 2δ(G). Next we prove λ3(T (G)) ≥ min{2λ(G)−1, 2λ3(G), λ3(G)+2}.
Suppose V (G) = {v1, v2, · · · , vn} and V (L(G)) = {eij |vivj ∈ E(G)}, let S =
{x, y, z} be a 3-subset of V (T (G)). The following we by constructing edge disjoint
S-trees in T (G) to prove λ3(T (G)) ≥ min{2λ(G) − 1, 2λ3(G), λ3(G) + 2}. Now
distinguish four cases to complete the proof.
Case 1. |S ∩ V (G)| = 3
|S ∩ V (G)| = 3 means S ⊆ V (G), since there are λ3(G) edge disjoint S-trees
in G, name them as Ti. In addition to these, it is clear that every Ti has a
corresponding tree CTi in L(G) and every CTi can be formed as a S-tree by
connecting it with S. Thus altogether we can get at least 2λ3(G) edge disjoint
S-trees in T (G).
Case 2. |S ∩ V (G)| = 2
Suppose x, y ∈ V (G), z ∈ V (L(G)) and let x = vi, y = vj , z = epq. If T (G)[S]
is a triangle, since there are λ(G) edge disjoint xy-paths in G and thus assume
xv1v2 · · · vky is a xy-path. Based on this xy-path we can form 2 edge disjoint
S-trees in T (G) as: xei1v1v2 · · · vky ∪ ei1z and xv1e12e23 · · · ekjy ∪ ekjz. Thus we
total get 2λ(G) edge disjoint S-trees in T (G).
If p = i but q 6= j, assume S′ = {vi, vj , vq} ⊆ V (G). Since there exist λ3(G)
edge disjoint S′-trees in G, name them as Ti. For every pair trees Ti and its
corresponding tree CTi, we by symmetric difference operation on G and L(G)
can obtain 2λ3(G) edge disjoint S-trees in T (G).
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If p 6= i and q 6= j, assume S′ = {vi, vj, vq}. Since there exist λ3(G) edge
disjoint S′-trees in G, named as Ti. For every pair trees Ti and its corresponding
tree CTi, we also can obtain at leastλ3(G) + 2 edge disjoint S-trees in T (G).
Case 3. |S ∩ V (G)| = 1
Assume x ∈ V (G), y, z ∈ V (L(G)) and let x = vi, y = ejk, z = epq. No matter
what vertices x, y, z they are, there exist 3 elements among vi, vj , vk, vp, vq which
can form a 3-subset S′ ⊆ V (G). Since there exist λ3(G) edge disjoint S
′-trees in
G, named as Ti. Similarly, based on every pair Ti and its corresponding tree CTi
we get at least λ3(G) + 2 edge disjoint S-trees in T (G).
Case 4. |S ∩ V (G)| = 0
This case means S ⊆ V (L(G)), by Lemma 4.2 there exist λ3(G) internally
disjoint S-trees in L(G), which are also edge disjoint S-trees. Based on this, using
vertices in graph G can obtain at least λ3(G) + 2 edge disjoint S-trees in T (G).
By argument of the above , we can claim that there exist at least min{2λ(G)−
1, 2λ3(G), λ3(G)+2} edge disjoint S-trees in T (G). Thus λ3(T (G)) ≥ min{2λ(G)−
1, 2λ3(G), λ3(G) + 2}.
Remark 4.6 The upper bound is sharp for complete bipartite graph Km,n with
n > m. The lower bound is also sharp for λ3(T (Cn)) = 2λ(Cn)−1 = λ3(Cn)+2,
λ3(T (Kn)) = 2λ(Kn)− 1 and λ3(T (Km,n)) = 2λ3(Km,n) with n > m.
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